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Abstract. The governing equations are formulated and some exact solutions are obtained for plane deformation of 
membranes formed of two families of elastic cords. The cords are assumed to be continuously distributed and every 
cord of one family is joined to each cord of the other family at their point of intersection. The membranes are 
incapable of withstanding in-plane compression but they exhibit shear resistance and a general nonlinear stretch- 
tension relation. The solutions include deformations with constant tensions (or stretches), deformations with straight 
cords and a half-universal state of tensions which satisfies the governing equations for any stretch-tension relations 
but a particular shear-deformation relation. 

1. Introduction 

The continuum theory for plane deformations of networks formed by two families of 
continuously distributed inextensible cords was first formulated by Rivlin [1]. The cords are 
continuously distributed so that the networks can be treated as membranes. The cords of 
different families are joined together at their points of intersection so that there is no slip 
between them. It was also assumed that the cords can withstand tension but cannot transmit 
compression. Rivlin's theory, which assumes no shearing resistance between the cords, was 
subsequently applied by Rogers and Pipkin [2] to treat problems of inextensible networks 
with holes. An extension of Rivlin's model to include shear effects was proposed by Pipkin 
[3, 4], who also discussed some of singularities that may occur in the solutions. A later paper 
by Pipkin [5] deals with a modification of Rivlin's theory so that the cords may shorten but 
not lengthen and may transmit tension but not compression. 

The continuum theory for networks formed by two families of straight elastic cords has 
been formulated by Genensky and Rivlin [6]. They have obtained solutions to the displace- 
ment boundary value problem, the traction boundary value problem and the mixed 
boundary value problem under the restriction of linear elastic response and infinitesimal 
strains. 

When finite strains in the elastic cords are allowed, the author [7] has found some analytic 
solutions to plane deformation in both discrete networks and continuous membranes. He 
also discussed some degenerate deformations of continuous membranes such as slack 
regions, in which the cords of one and/or both families are unstretched, and the uniqueness 
of the deformation in one class of membranes. Consequently three papers have resulted (see 
Green and Shi [8, 9, 10]). In addition, he obtained some numerical solutions and some extra 
analytic solutions for the continuous membranes. These involve out-of-plane deformations of 
the membranes with straight cords, plane deformations of the membranes with curvilinear 
cords and plane deformations of the membranes with straight cords and shear resistance. It is 
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the last part that forms the major part of this paper. The membrane formed in this way could 
be used to model cloth. 

In Section 2 we set up the equations governing the plane deformations of the membranes 
with shear resistance. In Section 3 we first discuss the deformation in which a finite region of 
the membrane collapses into a single curve. It is found that the collapse curve must be a 

straight line if it transmits load. Then we show that the homogeneous deformation is the only 
deformation in which the tensions (or the stretches) are constant. Section 4 is devoted to 

inverse solutions in which the cords in one family remain straight and parallel while those in 
the other  are deformed into a family of congruent curves. The state of tensions in these 
solutions is shown to be half-universal since the equilibrium and compatibility equations are 
solved explicitly by specifying the shear-deformation relation only without stretch-tension 

relations. In Section 5 we consider a particular membrane with linear relation between 
tension and stretch. The deformations investigated are those in which one family of cords 
remains straight and parallel while the other just remains straight. Finally, in Section 6 we 

discuss some special deformations in slack regions in which one of two or both tensions 
vanishes. These solutions are valid for general relations between the stress and deformation. 

2. Governing equations 

We consider a plane membrane formed of two families of straight parallel elastic cords with 
the cords of one family being initially orthogonal to the cords of the other. When we refer to 
a membrane  here we have assumed that the cords are distributed so closely that it can be 
t reated as a continuum. The membrane is not capable of withstanding in-plane compression 

but able to resist shear. Let  OXlX 2 be a system of plane Cartesian coordinates with axes 
parallel to the initial directions of the cords and consider a plane deformation in which a 
material point with initial coordinates (X~,)(2) relative to this system has coordinates 

(Xl, x2) in the deformed configuration, where 

Xl = Xl(Xl,  G ) '  X2 = x2(Xl, X2) .  (2.1) 

We refer to the family of cords X 2 = constant as the X~-cords and the family X1 = constant as 
the X2-cords. The deformation gradient tensor and Green-Lagrange  strain tensor (see 

Spencer [11] and Ogden [12]) are 

Xl,1 Xl,2X~ 
F = \X2,1 X2,2// , 

( 2 
XI,1 {Cl l  C12~ +x2,1 

C =  \C21 C22, ] = Xl,lXl,2+x2,1x2, 2 

XI,IX1, 2 -~- X2,1X2,2t 
2 2 _{_ X2,2 / X1,2 

(2.2) 

(2.3) 

where x,,t~ = Ox~/aXt~ (a,  /3 = 1, 2). 
According to the theory of continuum mechanics, a line element along the Xl-COrd, or an 

2 xl/2 
element  of the Xl-cord, at the point (X I, X2) is stretched to a I = (C11) ~/2 = (x21,1 + x2,~) 
times its original length and rotated to the direction of the unit vector a given by 

a = (Xl,li + x2Aj)/a 1 , 

where i and j are unit vectors along O x  I and Ox 2, respectively (see Spencer [11]). 
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Letting q~ denote the angle between a and the unit vector i we then have that 

XI, 1 = A 1 COS q~ , X2,1 = h 1 sin q~ . (2.4) 

Similarly for a line element in the direction of the Xz-cord at the point (X~,)(2), we have 
, 2 x l /2  the stretch h 2 ( C 2 2 )  1 / 2 ~  (X21,2 t X2,2) , the deformed direction along the unit vector b 

given by 

b = (xl,2i + xe,2j)/A2 , 

and 

Xl,2  = /~2 COS i f / ,  X2, 2 = A 2 s i n  qJ , ( 2 . 5 )  

where ~ is the angle between b and the xl-axis. 
From (2.4) and (2.5) we get the compatibility conditions for the stretches A~, )t 2 and the 

directions represented by ~o and tk 

I 0 0 
c o s  - -  c o s  

0 . 0 . 
~ 2  (A, sm ~) = ~ (A 2 sm ~0). 

(2.6) 

Here we should note that both A~ and A 2 are not, in general, the principal stretches of the 
deformation, since they are not the eigenvalues of the Green-Lagrange strain tensor. To 
avoid the membrane turning over, we assume that 0 ~< ~0 - ~ ~< 7r. 

Since the membrane is able to resist shear, the force carried by a cord is not necessarily in 
the direction of the cord. We denote by Ta the force carried by the X~-cords crossing unit 
initial length of the Xz-cord, with T b similarly defined for the X2-cords at the point (X1,)(2). 
If we project the forces in the directions a and b, then we have 

{ T .  = T x a +  S h =  (T~ cos  q~ + S c o s  ~b)i+ (T~ sin ~o + Ssin 40J, 

T b T 2 b + S a = ( T  2 c o s q , + S c o s ~ ) i + ( T  2s inq ,+Ss inq~) j ,  
(2.7) 

where T 1 and T 2 are tensions in the X~- and X2-cords and S is shear stress. In order to satisfy 
the equilibrium of moment on an arc (see Pipkin [3]), the shear components of T, and T b 
have been chosen to be the same. The sign of shear stress S is assumed to be consistent with 
the convention of classical continuum mechanics. 

Constitutive relations are next stated as follows. The tensions T~ and T 2 are related to the 
stretches A~ and '~2 by 

T~(A~) > 0 if A ~ > I  

T, = (a = 1, 2) ,  (2.8) 
0 i f A ~ < l  

o r  

A { = A ~ ( T ~ ) > I  i f T ~ > 0  

<~ 1 if T~ = 0 
(a = 1,2) . (2.9) 
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Also the shear stress S is related uniquely to shear angle 7r/2 - (~0 - ¢) by 

S = S*(7r/2 - ~0 + ¢) = S(~0 - ¢){ 

> 0  if0<~ ~0- ¢ < 7r/2, 
= 0  if ~0- ¢ = 7r/2, 
< 0  if ~'~> ~0- ¢ > 7r/2. 

(2.10) 

The conditions in (2.8) and (2.9) follow from the assumption that the cords cannot 
withstand compression. When A~ ~< 1 and/or  ~2 ~ 1, the X~-cords and/or  Xz-cords are not 
stretched and T~ = 0 and/or  T 2 = 0. We refer to the region in which the cords are not 
stretched as slack regions. It can be seen from (2.9) that the stretches in a slack region 
cannot be determined by the corresponding tension and from (2.10) that S ( q J - ¢ )  is a 
decreasing function of ~O - ¢ in the range 0 ~< q, - ¢ ~< ~'. 

It can be seen that the Piola (or nominal) stress tensor is given by 

( T ~ c o s ¢ + S c o s q J  T ~ s i n ¢ + S s i n ~ )  
T 2 c o s ~ + S c o s ¢  T 2s in~0+Ss in  " 

Then the equilibrium equations are of the form 

0 
0 (T 1 cos ~p + S cos ~0) + ~22 (T2 cos ~ + S cos ¢) = 0 ,  

OX~ 

0 
0 (T~ sin q~ + S sin ~0) + ~22 (T2 sin ~0 + S sin ~p) = 0.  

(2.11) 

Here we have assumed that no body force exists. These equations can also be derived by 
considering the equilibrium of an infinitesimal rectangular element of the membrane (see Shi 

[7]). 
Here we have seven unknowns T 1, A~, ¢, T 2, A 2, qJ and S with four equations (2.6) and 

(2.11) and three relations (2.8) (or (2.9)) and (2.10). So the problem is completed by adding 
boundary conditions. Substituting (2.8) and (2.10) into (2.11), we have four equations for 
four unknowns A1, /~2, ~0 and ~0. Furthermore, expressing A1, A2, ~ and $ in terms of x 1 and 
x2,  with aid of (2.4) and (2.5), and substituting the results into the equilibrium equations 
(2.11) gives two governing equations for x~ and x 2. These equations should be solved when 
the conditions, specially the displacement, along the boundary is specified. The compatibility 
equations (2.6) are satisfied provided that x~ and x 2 are continuous. 

For a traction boundary value problem, we may employ an alternative approach. We can 
obtain four equations for four unknowns T~, T2, q~ and ~0 by substituting (2.9) into (2.6) and 
(2.10) into (2.11). We might be able to reduce the number of the equations further by 
introducing the stress functions F I ( X  ~, X2) and F2(X1, X 2 )  such that 

{ T 1 cos ¢ + S cos qr = F1, 2 , T 2 cos qJ + S cos q~ = -F~,~ , (2.12) 

T~ sin ~ + S sin ~b = F2, 2 , T 2 sin qJ + S sin ~o = - F 2 .  ~ . 

Thus the equilibrium equations (2.11) are satisfied identically. From the equations in (2.12), 
we express T 1, T 2, and S in terms of F 1, F 2, ~o and q~ as 

F1,2 sin ~0 - F2, 2 cos qJ 
T~ = s i n (O-  q~) ' (2.13a) 



F~. ~ sin q~ - F2.~ cos 

T_~ = sin(qs - ~)  ' 

S = _ 
FI, 1 sin q, - F2.1 cos q, 

sin(q, - q~) 

o r  
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(2.13b) 

(2.14a) 

F1 2 sin q~ - F2. 2 cos q~ 
S = - " (2.14b) 

s in(0  - q~) 

if sin(q, - ¢)  ~ 0. The  special s i tuat ion in which sin(t/, - ¢) = 0 will be  discussed in Section 3. 

We know the funct ion S(q, - ¢) .  If  we can solve ¢ and ds f rom (2.14) in t e rms  of  F~ and F 2, 

then  subst i tut ing into (2.13) gives T~ and T 2, hence A~ and A 2 through (2.9),  in te rms  of F1 

and F~_ only.  For  example ,  if 

S = G cos(g, - ~o)/sin(qs - q~) (2.15) 

with G being constant ,  then a solut ion for  (2.14) is given by 

sin ~ = - F I . I / G ,  

sin q, = -F1.2/G , 

cos q~ = F2,1/G, 

cos 4s = F2.2/G. 
(2.16) 

Final ly in t roducing the result ing express ions  into the compat ib i l i ty  condi t ions (2.6) ,  we 

ob ta in  the govern ing  equat ions  for  F 1 and F 2. Af te r  solving these equat ions ,  (2.4)  and (2.5) 

m a y  then  be in tegra ted  to yield x I and x 2. 

For  this p r o b l e m ,  it is necessary to express  the s tretches A1 and A 2 as funct ions of  T~ and T 2 

respect ively .  It  follows f rom the requ i rements  in (2.8) and (2.9) that  in slack region in which 

T~ = 0 it is not  possible  to express  A l as a function of  T~ and that  in slack region in which 

T 2 = 0 the stretch A 2 is not  expressible  as a funct ion of T 2. Thus  it is by no means  evident  
tha t  a solut ion will exist to any specified t ract ion bounda ry  value p r o b l e m  and even if a 

solut ion exists it m a y  well not be unique.  So we may  encounte r  difficulties when  a t t empt ing  a 

numer ica l  analysis of  this p rob lem.  The  quest ion of existence and uniqueness  of  solut ions is 
not  our  main  interest  in this p a p e r  but  ra ther  we seek some  special solutions in which the 

ent i re  region is e i ther  ful ly-stretched (Sections 3, 4, 5) or  slack (Sect ion 6). 

T h e  s imples t  ful ly-stretched de fo rmat ion  is the h o m o g e n e o u s  one  in which all the 

quant i t ies  T~, A1, ~, T2, A2, tp and S are constant  th roughout  the m e m b r a n e  and equal  to the 
un i fo rm values a long the boundary .  

We have  assumed  that  S ( ~ r / 2 ) =  0, so the solutions ob ta ined  for  the m e m b r a n e s  wi thout  

shear  res is tance (e.g. ,  see G r e e n  and Shi [8, 9]) in which q, - q~ = I r /2  eve rywhe re  are the 

solut ions for  the presen t  m e m b r a n e .  For  example ,  when the re la t ions (2.8) are of  the l inear  

fo rm T = E ~ ( A  - 1), ( a  = 1 ,2 ) ,  and one family of  the cords is d e f o r m e d  into the radial 
d i rec t ions  and the o the r  into the c i rcumferent ia l  directions of  a circle, the equat ions  out l ined 
in the p resen t  sect ion are satisfied. 

3. Degenerate deformations and deformations with constant tensions 

In this sect ion we assume that  the const i tut ive relat ion (2.10) gives - ~  < S ( ~ - ) <  S ( 0 ) <  ~,  

i.e. the cases g, = q~ and ¢ = ~- + ~ are allowed. First we discuss a de fo rma t ion  in which 



384 Jingyu Shi 

= ~p or ~ = ¢r + ~p in some region. If there exists such a deformation, then the two cords 
through any point (X1,)(2) in the region before the deformation must be parallel to each 
other after deformation and the region collapses into a single curve. Following Green and 
Shi [10] and choosing first the case $ = ~p then the equilibrium equations (2.11) become 

0 0 
0X 1 [(T, + So) cos <p] + ~22 [(T2 + SO) cos q~] = 0 ,  

0 0 
0X 1 [(T 1 + So) sin ~] + ~ [(T 2 -t- So) sin ~p] = 0 ,  

(3.1) 

whilst the compatibility conditions (2.6) reduce to 

0 0 
(~1 COS ~0) -- ~ (~2 COS ~0) = 0 ,  

OX2 oA 1 

0 0 
(h,  sin q~) - ~ (h 2 sin ~o) = O. 

O)(2 oa  I 

(3.2) 

Here the shear stress S O = S(0) is constant. Expanding (3.1) and (3.2), and then rearranging 
them, we have 

or, / 
COS q~ -- ( T  1 + So) ~ 1 1  + (T2 + SO) sin q~ = 0 ,  

sin~o+ (T~+So)~+(T 2+So) c o s ~ = 0 ,  

(3.3) 

0A 1 OA 2 

aX 2 0X~ / 

cos~p-  A I ~ - A  2 s i n~o=0 ,  

( sin~o+ A 1 0X 2 A 2 cos~p=0 ,  

(3.4) 

and these may be rewritten as 

O T 1 cOT 2 O~O Otp 
0X~ + ~ = 0 ,  (T, + So) ~ + (T 2 + So) ~ = 0 ,  (3.5) 

0A 1 0A 2 0~p 0~o 
0 X  2 0 X  I - 0 ,  ~1 0 X  2 /~2 ~ = 0.  (3.6) 

If the collapsed region carries non-zero load then A1(T l + So) + A2(T 2 + So) # 0 and (3.5b) 
and (3.6b) have solution 

0q~ 0q~ 
- -  - -  - -  - - 0  

O X1 o)(2 

o r  

q~ -= constant = % .  (3.7) 

Equation (3.7) shows that the region collapses into a straight line. It follows that the 
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tractions applied to the boundary of the collapse region must everywhere be parallel to this 
line. 

In a similar procedure, we find that if in some region to = 7r + 9, then the equations 
corresponding to (3.5a) and (3.6a) are 

OTI O T  2 0A 1 0A 2 

O X  I O X  2 = O ,  0 2 2  + ~ = O, ( 3 . 8 )  

and that region also has to collapse into a straight line. 
The tensions and stretches in the collapsed region can be determined from (3.5a) and 

(3.6a), or from (3.8), with the aid of the response functions 

T I = T , ( A , ) ,  T 2 = T2(A2)  , ( 3 . 9 )  

or their inverses 

a I = a l ( T , )  , a 2 = A 2 ( T 2 ) .  ( 3 . 1 0 )  

These equations do not involve the shear stress and are the same as those in [10] so the 
solutions found there can also be applied here. More details are referred to [10]. 

Now we turn to the second part of this section; assume that the tensions T, (or the 
stretches A,) (a = 1,2) are constant throughout the region occupied by the membrane and 
seek for the deformation which satisfies the governing equations. In this case the compatibili- 
ty conditions (2.6) reduce to 

o4, o9  
A 2 sin tO 0~1 = A1 sin 9 0 X  2 , 

oto o9 
A 2 cos to ~11 ~-/~1 cos @ o X  2 . 

(3.11) 

It follows from (3.11) that 

0q, 
sin(0 - 9) = 0 ,  " ~ 2 0 X  1 

0~o (3.12) 
- -  ++ a 1 O X  2 

or sin(9 - 9) ~ 0 with 

O0 09 
OX--- T = 0 ,  O X  2 - 0 .  (3.13) 

The first of (3.12) implies that the membrane collapses into a single curve and the preceding 
discussion shows that the angles 9 and to are constant throughout the region. Therefore the 
collapsed deformation is homogeneous. 

The equations (3.13) imply that 

9 : 9 ( x , ) ,  to : to (x2) .  

The equilibrium equations (2.11) then become 
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d q~ S ' dr) 
(T  l sin q~ + S' cos ~) ~ + (T  2 sin qJ - cos q~) ~22  = 0 ,  

dq~ S' d~b 
(T  I cos q~ - S' sin 0) ~11  + (T2 cos 0 + sin q~) ~ = 0 ,  

(3.14) 

where the prime denotes the differentiation with respect to the argument X = 0 - ~P. The 
determinant of the coefficients of d~o/dX 1 and d~O/dX 2 in (3.14) is 

(T  1 sin ~ + S' cos 0) (T2  cos ~ + S' sin q~) - (Tt cos  q~ - S' sin 0)(T2 sin q, - S' cos  q~) 

= (T 1 + T 2 ) S ' -  (T~T 2 + S '2) sin(q, - ~ ) .  (3.15) 

Since the function S(X) decreases (i.e. S ' < 0 )  and sin X > 0  in the range 0 < X <  7r, the 
above expression is strictly negative. Therefore  it follows from (3.14) that 

dq~ d@ 
- 0 ,  - 0 ,  

d X  1 d X  2 

which imply 

q~ ~- constant ,  q, - constant ,  

throughout  the region. With constant tensions and stretches, the deformation is homoge- 

neous too. Therefore  we can conclude that if the tensions (or the stretches) are constant 
throughout  the membrane then the deformation must be homogeneous.  

4. Half-universal  state of  tensions 

The deformation we consider here is that in which t) = 7r/2 and q~ = ~(Xt) ,  i.e. the Xz-cords 
remain straight and parallel to the Xz-axis and the X l-cords lie along a family of congruent 

curves. For this deformation, ~ is the shear angle so S = S*(q~) = S(~ /2  - q~) = S(X1) and 

the equations (2.6) and (2.11) become 

OA 1 
cosq~ ~22 = 0 ,  (4.1) 

0 ~  1 0/lt 2 
sin q~ OX 2 OX1 = 0 ,  (4.2) 

0 
OX 1 (T, cos q~) = 0 ,  (4.3) 

3 T 2 
0 (T1 sin ~ + S)  + = 0 (4 .4 )  

OXl ~ " 

For the membrane which does not collapse, i.e. ¢ ~ 0 = 7r/2, or q~ ~ 4' - ~" = -7 r / 2 ,  (4.1) 
and (4.2) give 

AI = AI(X1) ' A 2 = A2(X2). (4.5) 



With the aid of (2.8), (4.3) and (4.4) produce 

T 1 cos go = Tic ,  

T l sin q~ + S = - K X ~  4- A ,  

T 2 = K X  2 + B , 

where T~c, K, A and B are constant. 
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(4.6) 

(4.7) 

(4.8) 

If we give an appropriate  relation S = S( r r /2  - ~) ,  we can solve for T 1 and ~ from (4.6) 

and (4.7) in terms of X~. Then in turn the shear stress S can be expressed in terms of X~. For 

instance, we choose Pipkin's [3] relation, for inextensible networks, between deformation 

and shear stress 

S = G t a n  ~ ,  (4.9) 

where the constant G is shear modulus. Then from (4.6) and (4.7), we have 

- K X t  + A 
t a n q ~ -  TIc + G ' (4.10) 

Tic 
T,  - T1 c + G [(TIc + G)2 + ( - K X l  + A)2]'/2 (4.11) 

The constants A, B, Tic and K should be determined from boundary conditions. Since 

they are associated directly with the state of tensions it is easy to determine them when 

suitable tractions are specified along the boundary. For example,  if the membrane  occupies 

the region 0 ~< X 1 ~< L, 0 <~ X 2 ~< H and we specify the tractions such that 

{ q~ = 0 at = 0 
X1 

T 1 = T T 

T 2 = 0 at X 2 = 0 ,  

T 2 = T~ at X 2 = H ,  

then 

T2 = T XdH, 

Z , 2 y  2 31/2 
_~2 " '1  / 

T, = T T 1 +  (TT + G)2H2 j  , 

tan ~o = - T ~ X x / [ ( T  T + G ) H ]  , 

(4.12) 

S = - G T 2 X , / [ ( T  ~ + G ) H  l . 

We have completely determined the tensions T 1 and T 2 and their directions as well as the 
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shear stress without specifying the forms of stretch-tension relations. But we used (4.9), so 
we call this state a half-universal state of tensions. It can be seen that both T 1 > 0 and T 2 > 0 
inside the region. So we can calculate A~ and A 2 when the relations in (2.9) are given, and 
then integrate (2.4) and (2.5) to find x I and x 2. 

5. Straight line deformation 

In this section we consider membranes with stretch-tension relations 

= I E ~ ( A , , - 1 )  i f h ~ , > l  

T,, 
if h,~ ~< 1 

(a = 1, 2) ,  (5.1) 

and shear-deformation relation 

cos(q,- ,p) 
s = c  ~ i ~ - -  ~) ' (5.2) 

where El,  E 2 and G are positive constants. These relations are chosen so that we can obtain 
an analytic solution for the governing equations. The relation (5.2) states that infinite shear 
stress is needed to collapse a finite region of membrane into a segment of curve, i.e. 0 = q~. 

In the deformation considered here, we assume that 0 = 7r/2 and (¢ = q~(X2), i.e. the 
X2-cords remain straight and parallel to x2-axis and the X~cords just remain straight. Then 
the relation (5.2) becomes 

sin ~o(X2) (5.3) 
S = G cos2q~(X2) 

and the equations (2.6) and (2.11) become 

0 
O S  2 (/~'1 COS ~0) = 0 ,  (5.4) 

0 (h 1 sin ~o) Oh2 ox~ ox---~, - 0 ,  (5.5) 

O T 1 c) 
cos ,~ ~ + ~ (s  cos ,~) = 0 ,  (5.6) 

0 T 1 O 
sin ¢ ~ + ~ (T 2 + Ssin ¢) = 0 .  (5.7) 

It follows, from (5.4), that 

xl = f (x , ) / cos  ~(x2) ,  (5.8) 

where f(X~) is an arbitrary function of the argument X 1 . The equation (5.8) is valid provided 
~o # ~/2 ,  which is the requirement that the membrane does not collapse. Then (5.5) gives 
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1~ 2 = F(X~) d(tan q~) 
d X  2 + g(X2) , (5.9) 

where F ( X I ) =  .f f ( X l ) d X  1 and g(X2) is another arbitrary function of its argument. 
Substituting (5.8) and (5.9) into (5.1), then together with (5.3) into (5.6) and (5.7), we 

have 

d(tan q~(Xz) ) 
E , f ' ( X , )  + G d X  2 - O, (5.10) 

dZ(tan q~) 
E I f ' ( X ,  ) tan q~ + E2F(X , ) dX~ 

d(tan2q~) 
+ G d----~2 + E2g ' (X2)= 0.  (5.11) 

The equation (5.10) requires that 

- K  
f (X , I=- -E-~  X,  + A ,  

K 
tan/p(X2) = ~ X 2 + B ,  

(5.12) 

(5.13) 

where A, B and K are constant. Then integration of (5.11) gives 

K 2 K 
g(X2) - 2E2G X22 - E22 BX2 + C .  (5.14) 

Here  C is another constant. 
With the aid of cos2q~(1 + tan2~o) = 1, substitution (5.12), (5.13) and (5.14) into (5.8) and 

(5.9) gives 

A~ = (A  - KXI/E~)[1 + (B + KX2/G)2] ~/2 , 

A2 -- 2 G  \ E I + E 2 J G X1 - 

(5.15) 

+ D ,  (5.16) 

where D is a constant. 
The constants A, B, C, D and K should be determined from the conditions along the 

boundary.  They are related to the angle q~ and the stretch ratios. The latter are in turn 
related to the tensions algebraically but differentially to the deformation. So it is easier to 
determine them from traction boundary conditions than displacement conditions. If the 
membrane occupies the region 0 ~ X 1 ~< L and 0 ~ X 2 ~< H and we specify 

q~=0 at X 2 = 0  , 

q~ = q~* at X 2 = H ,  

{ /~1 = ~ atXl=X2=O, 
A 2 A T 



390 Jingyu Shi 

then 

X2 p ,  
tan q~ = -~- tan , 

( )( 22tan2,) 
A x= A]'- E~Htan¢* 1 + ~  

X 1 ~,  (X21 X ~ ] G  
A 2 = A~ + ~ -  A~ tan - \ El ÷ E2 / ~ ' ~  tan2~*, 

) ( 2 (  X22tan2q~*)l/2Gtanq~* " S = - ~  1 + ~ - ~  

(5.17) 

It can be seen that if q~* = 0  then ~0 =0 ,  A 1 = A~, A 2 = A~ and S = 0  everywhere. 
Furthermore for 0 < ~* < ~r/2, A 1 decreases as X1 increases and increases as X 2 does. So to 
ensure that A 1 > 1 inside the region, we must have A T/> 1 + (GL t a n  q~*)/(EIH ). Thus A 2 
increases as X 1 and decreases as X 2 increases. The condition for A 2/> 1 inside the region is 
A~ >i 1 ÷ (Gtan2q~*)/(2E2). Then the deformation functions x~ and x 2 can be found by 
integrating (2.4) and (2.5) and the tensions from (2.8). To maintain the deformation, the 
traction along the boundary must be determined from the resulting expressions for the 
tensions. The decreases of the stretches and tensions as X 1 or X 2 increases are caused by 

the presence of the shear stress S. 

6. Deformations in slack regions 

Some special deformations in slack regions will be considered in this section. We first discuss 
the deformations in half-slack region in which T 2 > 0 but T~ = 0, i.e. A 1 ~< 1. We assume that 
the stretched Xz-cords are straight and parallel to each other, i.e. ~0 = qJ0 = constant. We also 
assume that the region does not collapse, that is, ~ ~ ~00 or ~00 + 7r. Then the equilibrium 

equations in (2.11) become 

oS + ax2/cos ~o + ~ (s  cos ~) = o ,  

OS + OX2/sin +o + ~ (S sin ~o) = O, 

(6.1) 

and the compatibility conditions (2.6) are 

0 012 
0--~ (A, cos ,p) = ~ cos ';'o, 

19 012 
0 ~  (A1 sin q~) = ~ sin too. 

(6.2) 

We have the relation 

T2=T2(A2) or A2=A2(T2), (6.3) 
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for the Xz-cords , but not for the Xl-cords. The shear stress S depends upon q~ alone, say, 
given by 

S = S (~ ) .  (6.4) 

It follows from (6.1) that 

0 
O X  2 [S(@) sin(Oo - q~)] = O. 

Therefore  

- - 0 ,  

that is, q~ = q~(Xl), a function of X, alone. This implies that the X1-cords lie along a family of 
congruent curves and this is a special case of those discussed in Section 4. Then,  with the 
relation (6.4), the equilibrium equations become 

dS 0 T~ 
dX-----~ + ~22 = 0 .  (6.5) 

Fur thermore ,  the compatibility conditions (6.2) yield 

0A1 0A 2 
- - 0 ,  

O X  2 O X  1 
- 0  

since sin(~ 0 - q~)~ 0. These are equivalent to 

A1 ~- A I ( X I )  ' /~2 = A2(X2)  • ( 6 . 6 )  

With the relation (6.3), the equation (6.5) becomes 

dS d T 2 

dX 1 d X  2 ' 

Since the left-hand side depends on X 1 alone while the right-hand side on X 2 alone, we can 
derive 

dS d T  
dX  1 = K ,  dX, K , 

with K being constant. So we integrate them and find 

S = KX~ + A ,  

T 2 = - K X  2 + B , 
(6.7) 

where A and B are constant, which can be determined from the conditions specified along 
the boundary. 
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When the relation (6.4) is specified and if we can solve ~o from it in terms of S, then we can 
find ~o = ~0(X1). Thus we find the state of stress. The stretch ratio A 2 is given by (6.4) with 
the second of (6.7). Due to no more equation to be satisfied, q~(X~) and A 1 (X l) are arbitrary, 
but AI(X1) must be less than unity. They can be determined if their values are given along a 
X 2-cord. 

A special case occurs when the X l-cords remain straight and parallel to each other too. In 
this case q~ = q~o, a constant different from $o. Then the shear stress S is constant too, which 
implies that the constant K in (6.7) must be zero. Therefore the tension T 2 is constant in the 
region. 

Now we assume that in the half-slack region ~p = $o; the region collapses into a single 
straight line. The shear stress S becomes constant in the region and the equilibrium 
equations produce 

aT2 
- -  ~ 0 ,  0x2 

that is 

T 2 = T2(X~), (6.8) 

which, with the aid of (6.3), yields 

A 2 = A2(X , ) .  (6.9) 

The compatibility conditions become 

OA 1 d A  2 

O X  2 dX~ " 
(6.10) 

Integrating with respect to X2, we have 

,~, = x 2 , ~ ( X l )  + f ( x , )  , (6.11) 

where f ( X  1) is an arbitrary function of its argument. No more equation inside the region is to 
be satisfied, A2(X 1) is arbitrary too, which, together with f(X~), should be determined from 
the displacement conditions along the boundary, provided they produce A 1 < 1. 

Finally, we discuss the deformations in a fully-slack region in which T1 = 0 and T 2 = 0 with 
assumption that ~b = ~b 0, a constant. As before, the shear stress S depends upon q~, given by 
S(q 0. The equilibrium equations are reduced to 

OS O ox---~, cos ~o + ~ (s cos 9) = o ,  

OS 0 
__0x-- sin *o + oA2~ (S sin 9)  = 0.  

If sin(~0 o - ~p) ~ 0, the equations in (6.12) produce 

(6.12) 

Oq~ OS 
--0,  

O X  2 O X  1 
- - ~ ' 0 .  
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Since S--S(q~), we find that q~ must be a constant in the region. Then the compatibility 

conditions yield 

~1 = A I ( X 1 )  , /~2 = /~2(X2) - ( 6 . 1 3 )  

Here AI(X1) and /~2(X2) are arbitrary functions which should be determined from the 
displacement conditions along boundary and less than unity. 

If s i n ( G -  ~ ) = 0 ,  then directly ~ is a constant, the equilibrium equations (6.12) are 
satisfied and the compatibility conditions produce again (6.13). Thus in a fully-slack region if 
one family of cords remain straight and parallel, then the other family must be straight and 
parallel too. 

We note that the solutions found in this section are valid for general relations between the 
stress and deformation. 
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